







































































Math 1020 Week 1 Geometrically

Vectors Vectorcanberepresentedbyan arrow

Avectoris somethingwith 713endpoint ABT vectorfromA to B
magnitude length A length magnitude

direction initialpoint

Notation vector ftp.qq
Algebraically

eg T 12 1 in 1132 113 113 2b
length ITI 11011

Physics J goingtotherightby2units

eg velocity
1 goingupby 1 unit

z i e downby1 unit
s s

Walk Run We can talkabout inotherdimensions too
2

Cg Force q es A y00 get x
1weight Take

2 in ID
1 3 4 in 3D

v










































































Basic operations Defn Define 8 zerovector

Ef T I l L 1,2 0,0 in 3D
0 0,0 in 3D

f Rmk Similar in otherdimensions

Properties letu.TW bevectors t.PERtdditimJw Ith I 121 10,3 08 8
T t

numberzero zerovectorSubtraction F W l th l 21 12 1
1j j

Scalar 28 12111,211 2,2 Itv iw Ut Otw Associative
multiplication j f zu 2171 1 I I Ftw _Itv commutative

Scalarmeansnumber 0 0 8
A T y xtp1J xVtpvFtw Distributive
7 if 47 20 xcv twt

xvtxwlv.wsIV xp J xcpJ










































































A PositionVector is a vector with es A 11,01 13 13,3 C42,4 D 0,1

initialpoint the origin Show that ABCD is a parallelogram

A Soil
O AB Vectorfrom A to B n C

T
E 3,3 1,0Givenpoints A Lx eye 13 1 2,42 q B
2,3

Positionvectors DT 2,4 coil D

7TA IX its 013 1 2,42 2,3 A

AI AT 1013 7 A AB DC
Tat 013 O ABCD is a parallelogram
x Yi 1Kuya Rink FB andDT are consideredequal as

B
Xs X ya y theyhavesamemagnitude anddirection

eventhoughwithdifferent initialpoints










































































Standardvectors Length and Dot Product
3D 7 140,0ZD f 1,0 a 213 a Ac Az b bubs

J 0,40
J 40 I aco.o.ly Length t.lal faitai
it nZ Dotproduct a b abitasbs

n n T
Jn Kp Donotforget thedot
Kk x ppg

5 y
l k

L i I I satisfy Rmk Similar in other dimension

righthandrule eg 3D Hatt faitaitasRink

We use Alhat insteadof arrow I b a bitasbstasb
to emphasize that T.j.IE havelength 1 es ID Hall _lal absolutevalue

Standard vectors form a buildingunit L
5 O 3of othervectors eg

Il 2 3 1 0,0 lo 2,0 110 0,3 131 3 Distance from
n n n l 51 455 5 origini 2J 13k










































































Properties of 11TH eg let J 11,2 2

11TH 70 i Find 11TH

11TH O J O ii Findtheunit vector intheoppositedirection of T
11TH IJ v Soe

Haft 1411011 a is a scalar i 11011 11 t it c25 3

11ftTHE 11TH111Wh ii Unitvector in thesamedirectionof J
J

Triangle inequality my IT It E
M

Vtw Unitvector in theopposite directionof T
W

j
Ivy ft l f E E

Def A unitvector it is a vector f
with length 1 Wesometimes 7
use hat F for unitvector










































































Jroperties of Dot product Pt of Also proofofcosinelaw

let ii J T bevectors xPER H
I

V I J Wui.v v.it I
l
illullsino

fxutpvj.w XU.wtpv.nl y0 I
I

wO V O 11THcost Hutt INTICOSE

J T 11TH Note

F D Hillary so where
V w 4141sin0144141 11410505 Pythagorasthing

Hill'sinotllwlf 2llwllllvllcosotlltllcosoo.isthe anglebetween VandW
Http 11TH 211TH11THcosO

Also

T HTWTK f ut.lv T

yo 7 f J iv J t.w ir.hr
W Hill't HWTT 2J.TV

Compare and










































































Formula
V W HJHHwHoose 9 Find angle 0 between

J itj 13k w 2i j ZI
Take 005051800

v iii L
T J o j.j l

TO s n n n n na
w i K O j k O K.k 1

a

If I W to Sol t.w litjtskl.IE J 2k
then 11THHwTl 0 cost jYTwµ 1 b tax 1 3 C 2 5

T.it o 0 0 900 acuteangle
T IT0 1141237 111

TW o 0 900 rightangle
llwtl tw.it 12 11 15 1125 3

F Tao 90 051800obtuseangle is cos0 1 Hwy Is
Ftw f w o G arccosf 2120.170










































































eg let f I havesame length eg Consider a circlecentered at 0
Show that Ftw J TKO AB is diameter
Sol
LHS Ftw tv W

Showthat LACB qo

T.J J.w tw.J w.it Sol
Hull T.w tv.ir Hull AT_AT 10T
Hull Hulk samelength BT BT 10T AJ10T
0

Picture J AT BT CAT10T I AT 10T
7 T
V W Hull41Wh ATAT1 Ao.OT oc.AT 107.0T

w
w rhombus HATH't110TH HATH_HOTH

Vtw y HEHE are radius
j

7 0

Geometric meaning O AT113T LACB 9o
Diagonals of a rhombus are perpendicular










































































ProjectionVector Wewant to find a formula for ProjwV

Givenvectors F it with w to Observations

Tiff I Kut for some KEIR
a

V v T.tw E F o
2

J J J O
2V W v w vi w Kw W klw.hr

Decompose J as F Itv suchthat T.irk w w

Ftw i'off directions

projwv.IEwIw IaFwTh 1 ht

Define
Warning f if IV Projat w w

Projection ofTonto I
cannot cancel it in quotientof dotproduct










































































eg Find the point 13 on the line L y X
which is closest to 11 13,7

Sol let w 11,1 T KL n
t y XJB ProjwTA if

ott.wfw.in w
w

o13,7 Il l l l
l l I l

102 11,1

15,5

13 15,5










































































Determinant

A As As
Define f bd ad be b b b a b b a b b a

b k
Cz Cz C C C CzCz 3

2 2 determinant
3 3 determinant

eg I 2

3 4 11114 2 3 2

lf I 2 3
4 56 l 5g 12 4 1 3 4 5g

7 8 9

i 5 19 61181 2144119 61171 13 41181 15117

3 112 9
0










































































CrossProduct only in 3D n n n n n n n nixi oixj kixkejletalap.az.az b Cbicbzb3 n n n n n n

jxi K jxj O jxk i
Definethecrossproduct I n n I n n I knXi j xj i x O

I
a 5

J
A A A T
b b bas

i laggingS.is
vk.O.in

egleta 2i t3jt5T.b it2Jt3I
Iazbz Asbaa3b a.bza.bz Ab n n n

a x b i J k
Eg 2 3 5

a n n

ixj Jo Ko 123

ol o 1357 175 5 1,2212
O o n n n n n n
o i Iff j 11471k i j 1k

Oli 01J talk I Ex Find b XI and 5 5










































































Propertiesof Cross Product i.a xboleta.bebevectors in R ix PER tax511 0
Algebraic Hall or Hbd or sin0 0

I I XI J a J or 5 8 or 0 0 or 0 1800

2 a xTo b XI ya 180 7A
b roof

b3 XI 11351 2 22 8 1135 2 0 00 h 0 1800

Geometric 5 If axD is nonzero then

4 let b betheanglebetween I b
Itb a a tb 5 0

HAITH Hatt11511 sing axbea airbag
Areaof El spannedby a b

Also Aib Itb satisfyrighthandrule

n y naxb
Ib i OE0 E IT b aQ i a i bY t

a
Vaxb










































































Thetripleproduct of aibc is definedtobe G let A 142,1 Bill 1,07 C 2 3,2 be
a a as points on a plane P

a bXI b b b
c a 5 Find a vectorwhich is perpendicular to 17

a 15 5 Volumeofparallelepiped Sole AB 1 1,0 11,2 1

spannedby I b I 10 3 1 ATXAC

ifAT 2 3,2 142,1 B
I l 1 A
n n n p

C 7 AIxaT I I Ib
l l l

a
L Hi If if ti HRRink For a BE c IRS

I 5k B EXT E Itb f 3 i l Nuff foul l c us j
T Ext B taxi E 15 5 T coli c 3 c I

Canbeprovedeasilyusingpropertyof
2 i j 13k

determinant discussed later I 2 I 3 t P










































































ef Let A B C D E bepoints in 3D
Sol A p

with A 12,2 1 13 11 I l a ABCD is

1 2,0 E 12,4 5 B C

Suppose ABCD is a parallelogram CD BA 2.2.17 Hi 1 1 1 O

1 2,0
a Find coordinates of D D 1,2 o 111 1.0 12.3.07
b Find area of ABCD b BT i 2 o 1 1 1 10,1 1

c Find a unitvector 1 DABCD n n n

d Findthe equationof theplane
BT BT it Jy I

containing A B C Area of DABC D 1 137 1541

e Findvolumeof parallelepipedwith tell't 1412 53

adjacentsides 15A BTand DI C BI X BI 147
Requiredvector BIXBY I

11137 151 13 titj 1k










































































d Suppose X x y z is on the plane e

EBIHBT n

7C D

7 C 7
TF B A

E B gA BE 12,4 5 I l l 1 3 6

ITAxBT 1 the plane Triple product BE BI x 13T
BT rBT 1 BI 1,3 6 l l l l

FA xBT BJ O 4

l l l l xyz c o
Volume of parallelepiped 41 4

C I l l X l y l Z l O

X l t y l t Z l O

u x ty 12 1 0










































































Vectorvalued function Parametric Equation Rmk To understand Fitt sometimes it

Most functions you saw are realvalued
is useful to regard t time and

eg Fits displacement of an object at time t
fix x z realvalued function

In theexampleabove we can definefcos 2 outputsarerealnumbers
It EL yet 2T If 5 27

However one can also considerfunctions
then Flt Xlt it yet j

which are vectorvalued Htt ylt arecalledcomponentfunctionsof FAS
t is called parameter

es vectorvalued Vectorvaluedfunctions in 3DF It t2 Zt 1 function 2b

ET t 12T 1 I 1Anotherform Ef FH let t It E
et it tf tht EEthen F 2 14,3 Outputs are It has component functions

4in 13J E Vectors
it et yet t 2 It It E










































































Graphing a vectorvaluedfunction On Howto plot Fits aboveaccurately

We can graph Flt _Xlt TtyltIj A NoteX xit t
on the Xyplane y ylt 2t I YI2
eg Flt _ET 112T Dj then x Y 5 ytl Parabola

t Z I O l 2
Htt 4 I 0 I 4 Q Graph Flt 2costolitlainto j
yet 5 3 I 1 3 for Oeta180

Fit
4,3 7 4 3 Sol X 2 cost y 2smt

E z increasing X g cost'T1125Mtdirection oft

E o 4 cos't't siito
E I 4

t 2 Ttt lies on the circle X4y 4
F










































































Also as t increasesfrom 0 to 180 es let Flt cos360E it sin360E It tf

Xlt decreases from 2 to 2 Plot the 3D graph of Fct for OE te I

ylt increases from 0 to 2 and Sol Notethat as t increases from 0 to 1

then decreasesfrom 2 to 0 cos360E it sin360E j Zn
y

Graph of rotatesaroundtheorigin y
r

Flt KaosE it zsintojj
alongtheunitcircle

on the ryplane 7

0,2

it
Ztt t increases 110,1
from 0 to 1
Fit moves upfrom rTt7I 1Xyplane to El

XFtt is a helix 110,0



Ef Plot Flt Ztt it 14 2T j R
Sole Notethat

F It zit 4J k t tri 2J

Ftt is the straight line parallel to T 2J
and passesthrough12,4 1

Zn

7 Y

2,4 I j
n n

V l 2

x


